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Modeling Rainfall Runoff using 2D Shallow 
Water Equation

Shirmeen, T.; Jia, Y. 

Torrential storms often trigger flooding that causes damage in properties and loss of life. In this study a numerical 
simulation module is developed to enhance the capability of a 2D surface flow model, CCHE2D. Following the 
procedure for numerical model verification and validation of ASCE, the developed module is tested using both 
analytical solutions and experiment data. 

The analytical solutions of kinematic wave equation for runoff occurring on a sloping plane subject to a 
constant rainfall of indefinite duration and finite duration were used to compare to the results of the numerical 
model with good agreements. Runoff processes measured in laboratory experiments were also simulated in this 
study using the 2D model. The simulated runoff processes and the observed physical processes again showed 
excellent agreements. These tests indicate that the CCHE2D model is capable of modeling rainfall-runoff and 
kinematic overland flows.

INTRODUCTION
Modeling rainfall-runoff is necessary to understand 
the physical process, predict what would happen 
on the ground and better protect the stormed 
areas from flooding and enhance public safety. 
When the rainfall intensity exceeds soil infiltration, 
water begins to accumulate on the ground surface 
and then flows as overland flow under the force of 
gravity. In order to simulate the rainfall-runoff pro-
cess, the depth averaged shallow water equations 
known as Saint-Venant (SV) equations or 2D shallow 
water equations are usually applied. Zhang and 
Cundy (1989) used a finite-difference 2D shallow 
water model to simulate the rainfall-runoff experi-
ments performed by Iwagaki (1955) in a three-slope 
laboratory flume. Shallow water models based on 
the depth averaged shallow water equations (2D-
SWE) were extensively used to compute the flow 
field (Zhang & Cundy 1989, Kivva and Zheleznyak, 
2005). 1D Kinematic wave theory has been used 
successfully to describe overland flows (Woolhiser 
and Ligget, 1967; Freeze, 1978; Cundy and Tento, 
1985). Kinematic wave modeling requires the 
specification of geometry, kinematic equations, 

inflow, and initial and boundary conditions (Singh 
and Regl, 1981). Depending on the terms of the 
momentum equation which are considered, various 
approximations of these equations are used. The 
kinematic approximation is the simplest; where the 
friction slope is set equal to the bed slope and the 
pressure and inertial terms are ignored (Book et al, 
1981). 
	
In this study the model verification was carried out 
analytical solutions to compare the performances 
of the kinematic wave equations by Singh and Regl 
(1981) and Singh (1983). The first test case was de-
rived using analytical solutions of kinematic equa-
tions for erosion occurring on a sloping plane which 
is subject to a constant rainfall of indefinite duration 
and the second test case was derived using con-
stant rainfall of finite duration. Both test cases have 
been studied for a one dimensional plane.	

In this paper, in particular two laboratory experi-
ments used to compare the performances of en-
hanced numerical model. The first test case was 
obtained by Gottardi and Venutelli (2008) which 
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involves a comparative analysis of 2D numerical 
models for overland flow simulations. The second 
test case obtained by Cea et al. (2008) presents 
some results which include rainfall runoff experimen-
tal results obtained in a 2D laboratory model. 

Numerical solution scheme
A developed shallow water flow model called the 
CCHE2D (Jia et al. 2002) is used as the hydrody-
namic flow model for simulating the rainfall-runoff 
overland flow. CCHE2D is a hydrodynamic model 
for unsteady turbulent open channel flow and sedi-
ment transport. The governing equations for hydro-
dynamics are as follows:

					      	                              

		   	      

where u,v  depth-integrated velocity components 
in x and y directions, g the gravitational accelera-
tion, η is the water surface elevation, h is the local 
water depth fCor  is the Coriolis parameter, Txx, Txy, 
Tyx, Tyy are depth integrated Reynolds stresses, Tbx, 
Tby shear stresses on the bed, R rainfall intensity. The 
2D shallow water equations are solved using mix-
ing finite element and finite volume methods with 
structured rectangular grid. Partially staggered grid 
is used for solving these equations. When runoff 
process is computed, the turbulence stress terms 
are neglected, because under this condition, the 
dominant forcing of the flow is the gravity term, 
momentum advection and bed shear stress. In the 
present simulation the Manning formula has been 
used to express the bed friction as

					      	
		                           	
					      	
	   		                 

Because 
	  

where, h is the local water depth and b is the thick-
ness of the bed. When runoff is simulated, the water 
depth is very small and parallel to the runoff slope, 
one has

 			 
	 	       
	 	
Equation (2) and (3) are simplified approximately to 
kinematic wave equations. Therefore they can be 
tested using analytical solutions for the kinematic 
wave equation. The general forms of these equa-
tions make them applicable for general flow condi-
tions.

Analytical solution
The analytical solution for the model tests was ob-
tained by Singh and Regl (1981) and Singh (1983), 
for solving one-dimensional kinematic equation for 
rainfall generated runoff. The first test case involves 
analytical solutions of kinematic wave equation 
for runoff occurring on a sloping plane subject to 
a constant rainfall of indefinite duration and the 
second test case uses the constant rainfall of finite 
duration. The governing one dimensional kinematic 
equation can be obtained be simplification of Eq. 
(1) and (2), and  written as:

       
where h is depth of flow (m), u velocity of flow 
(m/s), Q discharge of water per unit width (m2/s), R 
lateral inflow or the effective rainfall (m/s), a depth-
discharge coefficient m2-n/s and η an exponent 
(=5/3) Substituting Eq. (9)  into Eq. (8) , the kinemat-
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ic-wave equation can be then written as: 
					      		
		  	   

Table 1 shows the conditions of the two analytic 
cases.

The analytical solution described above has been 
verified using numerical model.  Figure 1 and Figure 
2 show the comparisons of the analytical solutions. 
In the numerical simulation, verification is neces-
sary because one must need to assure that the 
numerical model is free of faults in mathemati-
cal formulations. Figure 1 shows the runoff hydro-
graphs of Case 1 at several locations of the slope 
including the downstream boundary, obtained by 
analytical solution by Singh and Regl (1981) and 
numerical solutions by CCHE 2D model. The mesh 
resolution affects the results slightly particular at the 
very downstream of the domain. Figure 2 showing 
the analytical solution (Singh, 1983) and simulated 
runoff hydrographs of Case 2 at several locations 
of the slope.  Because this is a case with a rainfall of 
finite duration, the hydrographs have a difference 
pattern. 

MODEL VALIDATION
The enhanced model is tested using four laboratory 
experiments. All of the cases are validated using the 
analytical solution and also using numerical solution 
of CCHE2D.  The application carried out on impervi-
ous surface, so that the lateral inflow R coincides 
with the rainfall. Various situations are examined for 
the validation test, particularly the rainfall intensity 
variable in time is considered.  

Test Case 1
This runoff laboratory experiments was conducted 
by Gottardi and Venutelli (2008). They proposed an 
accurate time integration method for the diffusion-
wave and kinematic-wave approximated models 
for the overland flow obtained by using the second-
order Lax-Wendroff and the three-point centered fi-
nite difference schemes. This simple example of flow 
was carried out along an inclined plane of length L 
= 200m and of unit width with uniform rainfall of 

R = 60 mm/h for t = 1 hr. The slope of the plane was 
0.001 and Manning roughness nm = 0.03 m-1/3s . The 
time of concentration tc, for this experiment, when 
the outflow equals the rainfall rate, is tc = 31.6 min. 
Figure 3 shows the runoff hydrographs at the down-
stream boundary, obtained by the experimental 
case Gottardi and Venutelli (2008), analytical 
solution by Singh and Regl (1981) and by CCHE2D 
model. In Figure 3 the simulated processes and 
the observed physical processes showed excellent 
agreements and the arrival time and the maximum 
discharge are in good agreement with the analyti-
cal solution.
 
Test Case 2
Runoff laboratory experiments over simple geom-
etries were also modeled recently by Cea et al. 
(2008). These experiments originally carried out  by 
Iwagaki (1955) in a two dimensional geometry and 
used as a validation test in Cea et al. (2008). In this 
2D rainfall-runoff test case, the watershed is a rect-
angular basin made of three stainless-steel planes 
(2m x 2.5m). Each of the planes has a slope of 0.05. 
Two dikes are located at a distance of 0.32m and 
1.74m from the bottom left plane and 0.56m and 
1.18m from top plane respectively. Height of the 
dikes was 1.86m and 1.01m respectively. Figure 4 
shows the 3D mesh and the flow field near the dike. 
As the bed surface is impervious, infiltration was not 
involved for three test scenarios. 

Test Case 2A
Three scenarios have been modeled using three dif-
ferent rainfall patterns. In the first scenario (test case 
2A) rainfall intensity was 317 mm/h and the duration 
is  45s. Figure 5 shows the comparison between the 
numerical and experimental outlet hydrograph. The 
simulated processes and the observed physical pro-
cesses showed excellent agreements. The shape of 
the hydrograph is well predicted and also the peak 
discharge. 
 
Test Case 2B
In the second scenario (test case 2B) rainfall intensi-
ty was 320 mm/h, the rain has two peaks of 25s with 
4 seconds apart. Figure 6 shows the comparison 
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between the numerical and experimental runoff 
hydrograph. Again the simulated processes and 
the observed physical processes showed excel-
lent agreements. The shape of the hydrograph is 
well predicted and also captured both of the peak 
discharge.
 
Test Case 2C
In the third scenario (test case 2C) rainfall intensity 
was 328 mm/h, similar to second test, but the rainfall 
paused for 7s before the second peak. Figure 7 
shows the comparison between the numerical and 
experimental runoff hydrograph. The simulated 
processes and the observed physical processes 
showed excellent agreements. The shape of the 
hydrograph is well predicted and both of the peak 
discharges are captured well.

CONCLUSION
In this paper a comparative analysis a 2D shallow 
water model, CCHE2D have been performed to 
simulate rainfall runoff and overland free surface 
flows. The depth averaged mass and momentum 
conservation equations are solved, considering 
the effects of bed friction, bed slope and pre-
cipitation. For the verification and validation tests, 
analytical and experimental cases and numerical 
simulation results are  presented. Spatial variation 
of rainfall is incorporated in the model and good 
agreement between the observation and simula-
tion is obtained. The experimental validation of the 
model are also encouraging and indicated that 
the CCHE2D model is capable of modeling rainfall-
runoff and kinematic overland flows. Future inves-
tigations will focus on more complex, real world 
scenarios such as watershed and urban flood simu-
lation due to storm events as well as in the design 
of hydraulic structures to mitigate and control flood 
risks.

Acknowledgment
This work is supported in part by US Department of 
Homeland Security via the Southeast Region Re-
search Initiative (SERRI) project and USDA Agricul-
ture Research Service under the Specific Research 
Agreement No. 58-6408-1-609 monitored by the 

USDA-ARS National Sedimentation Laboratory (NSL).

References
Book, D. E., Labadie, J. W., Morrow, D. M., 1981, 
Second International conference on Urban Storm 
Drainage Urbana, Illinois USA, June 14-19, 1981.

Cea, L., Puertas, J., Pena, L., and Garrido, M., 2008, 
Hydrologic forecasting of fast flood events in small 
catchments with a 2D-SWE model. Numerical 
model and experimental validation. In: World Water 
Congress 2008, 1–4 September 2008, Montpellier, 
France.

Cundy, T.W., Tento, S.W., 1985, Solution to the kine-
matic wave approach to overland flow routing with 
rainfall excess given by the Philip equation. Water 
Resources Research 21, 1132–1140.

Freeze, R.A., 1978. Mathematical models of hillslope 
hydrology. In: Kirkby, M.J., (Ed.), Hillslope hydrology, 
Wiley Interscience, New York, pp. 177–225.

Gottardi G. Vinutelli M., 2008, An accurate time 
integration method for simplified overland flow 
models, Advances in water resources, Vol 31, pp. 
173-180.

Iwagaki, Y. (1955), Fundamental studies on runoff 
analysis by characteristics. Bull. 10, pp.1-25, Disaster 
Prev. Res. Inst., Kyoto Univ., Kyoto, Japan.

Jia, Y., Wang, S. S. Y., and Xu, Y. C., 2002, Valida-
tion and application of a 2D model to channel with 
complex geometry,  Int. J. Comput. Eng. Sci., 3(1), 
pp. 57–71.

Kivva, S.L., Zheleznyak, M.J., 2005, Two-dimensional 
modeling of rainfall runoff and sediment transport in 
small catchments areas. Int. J. Fluid Mech. Res. 32 
(6), pp. 703–716.

Singh, V. P., 1983, Analytical solutions of kinematic 
equations for erosion on a plane ΙΙ. Rainfall of finite 
duration, Advances in Water Resources, Vol. 6 (2), 
pp. 88-95.

Modeling Rainfall Runoff using 2D Shallow Water Equation
Shirmeen, Jia



Mississippi Water Resources Conference2013

60

Singh, V. P. and Regl, R.R., 1981, Analytical solu-
tions of kinematic equations for erosion on a plane 
Ι. Rainfall of indefinite duration, Advances in Water 
Resources, Vol. 6 (1), pp. 2-10.

Woolhiser, D.A., Ligget, J.A., 1967. Unsteady, one 
dimensional flow over a plane—The rising hydro-
graph, Water Resources Research 3 (3), 753–771.

Zhang and Cundy,1989, Modeling of two-dimen-
sional overland flow. Water Resources Research, 
Vol.25 (9), pp. 2019-2035.

Modeling Rainfall Runoff using 2D Shallow Water Equation
Shirmeen, Jia

Test Case Rainfall, R (m/s)
Depth discharge 

coefficient, a 
(m2-k/s)

Manning, n 
(m-1/3s)

Duration, T (s)

Case1 
(Singh and Regl, 

1981) 
 2.7 x 10-5 5 0.02 1000

Case2 
(Singh, 1983) 

 2.7 x 10-5 5 0.02 200

Table 1. Rain rate and conditions for Figures 1 and 2

Test Case Slope, S Manning,  n (m-1/3s  ) Rainfall, R (mm/hr)
Case1 0.001 0.03 60

Case 2A 0.05 0.02 317
Case 2B 0.05 0.02 320
Case 2C 0.05 0.02 328

Table 2. Rain rate and conditions for Figures 3, 5, 6 and 7
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Figure 1: Runoff hydrograph for analytical solution and numerical solution by CCHE 2D for rainfall of indefinite 
duration.
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Figure 2: Runoff hydrograph for analytical solution and numerical solution by CCHE 2D for rainfall of finite dura-
tion. 
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Figure 3: Runoff hydrograph for analytical solution, experimental data (Gottardi et al. 2008) and numerical solu-
tion by CCHE2D 
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Figure 4: 3D mesh geometry (left) and water depth and velocity after the rain stops (T = 50s) (right) for test case 
2
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Figure 5: Runoff hydrograph for  2D validation test case 2A
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Figure 6: Runoff hydrograph for  2D validation test case 2B
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Figure 7: Runoff hydrograph for  2D validation test case 2C
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